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A Question of Priority Regarding a Fixed Point
Theorem in a Cartesian Product of Metric Spaces

MiLAN R. TASKOVIC

ABSTRACT. We prove that a result of Ciri¢ and Presi¢ [Acta Math.
Univ. Comenianae, 76 (2007), 143-147, Theorem 2, p. 144] has been for
the first time proved before 31 years in Taskovi¢ [Publ. Inst. Math.,
34 (1976), 231-242, Theorem 3, p. 238]. But the authors neglected and
ignored this historical fact.

1. MAIN RESULTS AND FACTS

We say that the mapping f : (RY)* — RY := [0, +00) (for a fixed k € N)
has the M-property iff f is increasing (i.e., u; < v; for i = 1,..., k implies
that f(u1,...,ux) < f(vi,...,vx)), semihomogeneous (that is to say, f(dx1,
ooy 6mg) < 6f(w1,...,2p) for every 6 > 0), and g() := f(aiz,...,apz")
be continuous at the point z = 1, where «o; (i = 1,...,k) are nonnegative
real constants.

In 1976 in Taskovié¢ [3] we have proved the following localization theo-
rem on a Cartesian product of metric spaces as a solution of Kuratowski’s
problem in 1932, see: Brown [1].

Theorem 1 (Taskovi¢ [3, p. 238|). Let X := (X, p) be a complete me-
tric space and let T be a mapping of X* (for a given fized k € N) into X
satisfying the following condition:

(A) P T(U1, LR Uk), T(u27 s 7uk+1)i| < f(alp[ulu u2]7 s )akp[uk) uk-‘rl])
for all uy, ... ,ug,upr1 € X, where the mapping f : (]Rg_)k — R& has the
M -property and f(aq,...,ar) € [0,1]. Then:
(a) There exists a fixed point ¢ € X of the mapping §(z) :=T(x,...,x)
and it is unique when f(a1,0,...,0) 4+ ...+ f(0,...,0,ax) < 1;
(b) The point ( € X s the limit of the sequence {xy }nen satisfying
(1) Tnak =T (Xp,y .oy Tpag—1), fornéeN,

independently of initial values x1, ...,z € X.
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(c) The rapidity of convergence of the sequence {xp}nen to the point
¢ € X is evaluated for n € N by

o max (W) for 6 € (0,1).

1-6 i=1,...,

First proof of Theorem 1 may be found in 1976 by Taskovi¢ [3, p. 238-
239]. Other proofs may be found by Taskovi¢ [4], [5], and [6]. Also see:
7.

Recently, in 2007 Ciri¢ and Presi¢ have proved the following statement
(see: [2, Theorem 2, p. 144]).

p[xn—i-k, C] S

Theorem 2. Let (X, p) be a complete metric space and T : X* — X (k € N
is a fized number) satisfying the following contractive type condition

(@) p[TCur,. o), T, )| < Amax { s, wal, g, v ]

foralluy, ..., up, upr1 € X, where the constant X € (0,1). Then there exists
a point ¢ € X such that T((,...,() = (. Moreover, if x1,...x € X are
arbitrary point in X and n € N, the sequence {xy}nen defined by (1) is
convergent.

If in addition we suppose that p[T(u,...,u),T(v,...,v)] < plu,v] for all
u,v € X (u#v), then ¢ is the unique point in X such that T'((,...,() =C.

However, Theorem 2 is a simple consequence of Theorem 1 which we
proved first time 31 years ago in: Taskovi¢ [3].

Indeed, if in Theorem 1 we let f(t1,...,t5) = max{t1,...,t5} for
max{ay,...,a5} := A € [0,1), then the condition (A) and other conditions
are satisfied.

Hence, we obtain Theorem 2, as a directly consequence of my Theorem 1.

Remark. We notice that Theorem 2 is an example (Problem 72 on 77 page)
in the book by M. R. Taskovié¢/ D. Arandelovié: Functional Analysis
and Functions Theory — Theorems, tasks and problems, NIRO “Knjizevne
novine”, Beograd 1981, 255 pages.
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